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a b s t r a c t
Let D = (V , A) be a digraph with minimum in-degree at least 1 and girth at least l + 1,
where l ≥ 1. In this work, the following result is proved: a digraph D has a (k, l)-kernel
if and only if its partial line digraph LD does, where 1 ≤ l < k. As a consequence, the
h-iterated line digraph Lh(D) is shown to have a kernel if and only if D has a kernel.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Throughout the work, D = (V , A) denotes a loopless digraph with set of vertices V and arc set A. Let ω−(x) stand for
the set of arcs having vertex x as their terminal vertex. Thus, the in-degree of x is δ−(x) = |ω−(x)|. Moreover, given a set
U ⊆ V , ω−(U) = {(x, y) ∈ A : y ∈ U and x 6∈ U}. Given a set of arcs Ω ⊆ A, the heads of Ω are the vertices in the set
H(Ω) = {y : (x, y) ∈ Ω}. For any pair of vertices x, y ∈ V , a directed path x, x1, . . . , xn−1, y from x to y is called an x→ y
path. The distance from x to y is denoted by dD(x, y) and it is defined to be the length of a shortest x→ y path.
The line digraph technique is a good general method for obtaining large digraphs with fixed degree and diameter. In the
line digraph L(D) of a digraph D, each vertex represents an arc of D. Thus, V (L(D)) = {uv : (u, v) ∈ A(D)}; and a vertex uv
is adjacent to a vertex xz if and only if v = x, that is, when the arc (u, v) is adjacent to the arc (x, z) in D. For any h > 1, the
h-iterated line digraph, Lh(D), is defined recursively by Lh(D) = L(Lh−1(D)). For more information about line digraphs see,
for instance, [1–3].
A wider family of digraphs, called the partial line digraphs, was introduced in [4] as a generalization of line digraphs. Let
D = (V , A) be a digraph and consider an arc subset A′ ⊆ A and an exhaustive mapping φ : A→ A′ such that:
(i) the set of heads of A′ is H(A′) = V ;
(ii) the map φ fixes the elements of A′, that is, φ|A′ = id, and for every vertex j ∈ V , φ(ω−(j)) ⊂ ω−(j) ∩ A′.
Hence, |V | ≤ |A′| ≤ |A|. Note that the existence of such a subset A′ is guaranteed since δ−(i) ≥ 1 for every i ∈ V . Then, the
partial line digraph of D, denoted by L(A′,φ)D (for short LD if the pair (A′, φ) is clear from the context), is the digraph with
vertex set V (LD) = A′ and set of arcs
A(LD) = {(ij, φ(jk)) : (j, k) ∈ A}.
Remark 1.1. If A′ = A, then φ = id and the partial line digraphLD coincides with the line digraph L(D).
Fig. 1 shows an example of a digraph Gwith 12 arcs and its partial line digraph with |A′| = 9 vertices. The arcs not in A′
are drawn with dotted lines and have images φ(12) = 42, φ(34) = 54, and φ(65) = 25.
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Fig. 1. A digraph and its partial line digraph.
The goal of this work is to study the existence of kernels in partial line digraphs. A kernel of D is a subset K of V (D)which
is both independent (dD(x, y) ≥ 2 for all x, y ∈ K ), and absorbing (for all u ∈ V there is a vertex y ∈ K such that dD(u, x) ≤ 1).
Kernels were introduced by Von Neumann and Morgenstern [5] and they arise naturally in the analysis of certain two-
person positional games; see [6] or [7]. An application to problems of logic is contained in [8] and other applications of
kernels can be found in the books by Berge [9,10]. Many digraphs fail to have kernels. Directed odd cycles are the simplest
examples. Richardson [11] proved that a digraph which has no kernel necessarily contains a directed odd cycle.
Let l, k be two integers such that 1 ≤ l < k. A generalization of a kernel is a (k, l)-kernel defined as follows. A (k, l)-
kernel of a digraph D is a subset of vertices K which is both k-independent (dD(u, v) ≥ k for all u, v ∈ K ) and l-absorbing
(dD(x, K) ≤ l for all x ∈ V ). Observe that any kernel is a (2, 1)-kernel.
Some known results about the existence of kernels and (k, l)-kernels in line digraphs are listed below.
Theorem 1.2. Let D be a digraph with in-degree at least 1.
(i) [12] A digraph D has a kernel if and only if L(D) has a kernel.
(ii) [13] A digraph D has a (k, l)-kernel if and only if L(D) has a (k, l)-kernel, whenever the girth of D is at least k.
Galeana-Sánchez and Li [14] studied the relationship between the number of (k, l)-kernels in D and in its line digraph
L(D)when the digraph satisfies certain conditions.
In this work we improve Theorem 1.2 and extend it to any partial line digraph.
2. Partial line digraphs and kernels
In the following theorem we will see that Theorem 1.2 is also valid if we replace line digraphs with partial line digraphs.
Observe that the requirement on the girth is also weakened.
Theorem 2.1. Let k, l be two natural numbers such that 1 ≤ l < k, and let D be a digraph with minimum in-degree at least 1
and girth at least l+ 1. Then D has a (k, l)-kernel if and only if any partial line digraphLD has a (k, l)-kernel.
Proof. Let A′ and φ satisfy the requirements of the definition of a partial line digraph, that isL(A′,φ)D = LD.
First, suppose that D has a (k, l)-kernel N . Let us show that ω−(N) ∩ A′ is a (k, l)-kernel ofLD.
Let ab, cd ∈ ω−(N) ∩ A′ be such that dLD(ab, cd) = t , and observe that dD(b, d) ≥ k because b, d ∈ N . By
definition of φ any shortest path from ab to cd in LD is ab, φ(bb1), φ(b1b2), . . . , φ(bt−1bt) = cd, where bi ∈ V (D) and
(b, b1), (bi, bi+1) ∈ A(D), i = 1, . . . , t − 1. Since φ(bt−1bt) = αbt for some α ∈ V (D), then bt = d, yielding that a walk
b, b1, . . . , bt = d from b to d of length t exists in D. This means that t ≥ dD(b, d) ≥ k and hence every two vertices of
ω−(N) ∩ A′ are mutually at distance at least k.
Next let us see that dLD(uv, ω−(N)∩A′) ≤ l for all uv ∈ V (LD) \ (ω−(N)∩A′). Let uv ∈ V (LD) \ (ω−(N)∩A′) and note
that as v 6∈ N , there exists z ∈ N such that dD(v, z) ≤ l, because N is a (k, l)-kernel of D. If dD(v, z) = 1 then uv is absorbed
by φ(vz) = αz ∈ ω−(N)∩A′, that is dLD(uv, ω−(N)∩A′) = 1 ≤ l and we are done. Thus assume that dD(v, z) = d ≥ 2 and
consider a shortest path v, v1, . . . , vd−1, z in D from v to z. Therefore uv, φ(vv1), . . . , φ(vd−1z) is a path in LD from uv to
φ(vd−1z), and φ(vd−1z) ∈ ω−(N) ∩ A′ because z ∈ N and φ(vd−1z) = βz for some β ∈ V (D) by definition of φ. This means
that dLD(uv, ω−(N) ∩ A′) ≤ dLD(uv, φ(vd−1z)) ≤ d = dD(v, z) ≤ l and we have finished.
Conversely, suppose that K is a (k, l)-kernel ofLD. Let us show that H(K) is a (k, l)-kernel of D.
Let u, v ∈ H(K) be such that dD(u, v) = d and let us show that d ≥ k. By definition of H(K) there exist two arcs
(u1, u), (v1, v) of D such that u1u, v1v ∈ K ; hence dLD(u1u, v1v) ≥ k because K is a (k, l)-kernel of LD. Let us consider a
shortest path u, x1, . . . , xd−1, v in D from u to v of length d and the corresponding path u1u, φ(ux1), . . . , φ(xd−1v) in LD
of length d (note that if d = 1 then x1 = v, xd−1 = u). Let us study two cases according to whether φ(xd−1v) 6∈ K or
φ(xd−1v) ∈ K .
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Fig. 2. Illustration of the proof of the theorem.
If φ(xd−1v) 6∈ K , then there exists a path φ(xd−1v), φ(vy1), . . . , φ(ys−1ys) of length s ≤ l from φ(xd−1v) to some vertex
φ(ys−1ys) ∈ K (if s = 1 then ys−1 = v). See the graph on the left side of Fig. 2. This gives a path v1v, φ(vy1), . . . , φ(ys−1ys)
from v1v ∈ K to φ(ys−1ys) ∈ K of length s. Observe that v1v 6= φ(vy1), because otherwise, y1 = v, and since the arc
(v, y1) ∈ A(D) then D would have a loop, and D has no loop. Thus dLD(v1v, φ(ys−1ys)) ≤ s ≤ l < k, which contradicts the
fact that any two distinct vertices of K must be at distance at least k. Hence v1v = φ(ys−1ys); see the graph on the right side
of Fig. 2. In this case a cycle v1v, φ(vy1), . . . , φ(ys−1ys) = v1v of length s in LD is created, so a cycle v1, v, y1, . . . , ys−2v1
of length s ≤ l in D appears. This implies that the girth of D is at most s ≤ l, contradicting the hypothesis that the girth is at
least l+ 1.
Therefore φ(xd−1v) ∈ K , yielding that dLD(u1u, φ(xd−1v)) = d ≥ k because K is a (k, l)-kernel; hence H(K) is k-
independent.
Finally, let us see that H(K) is an l-absorbent set of D. Let z ∈ V (D) \ H(K). By the definition of A′, there exists an arc
(u, z) ∈ A′. Since z 6∈ H(K), then uz 6∈ K . Hence there exists a path uz, φ(zz1), . . . , φ(zs−1zs) in LD of length s ≤ l from uz
to some vertex φ(zs−1zs) ∈ K . Since φ(zs−1zs) = αzs ∈ K then zs ∈ H(K), giving a path z, z1, . . . , zs from z to zs ∈ H(K) of
length at most s ≤ l in D; thus the result is valid. 
Corollary 1. Let D be a digraph with minimum in-degree at least 1. Then
(i) D has a kernel if and only if any partial line digraphLD has a kernel;
(ii) D has a kernel if and only if LhD has a kernel for all h ∈ N.
Proof. Observe that a kernel is a (2, 1)-kernel and the girth of any loopless digraph is at least 2. Then item (i) follows directly
from Theorem 2.1. Further, from Remark 1.1 it follows that L(D) is a partial line digraph, considering A′ = A. By Theorem 2.1,
L(D) has a kernel and so also LhD has a kernel for all h ∈ N. 
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